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We study the collapse of a homogeneous braneworld dust cloud in the context of the various
curvature correction scenarios, namely, the induced-gravity, the Gauss-Bonnet, and the combined
induced-gravity and Gauss-Bonnet. In accordance to the Randall-Sundrum model, and contrary to
four-dimensional general relativity, we show in all cases that the exterior spacetime on the brane is
non-static.
In this Letter, we discuss the Oppenheimer-Snyder-like
collapse on a brane in the context of curvature correction
terms. In the Randall-Sundrum scenario, this problem
has been analyzed in [1], and found that, contrary to the
general relativity case, the vacuum exterior of a spheri-
cal cloud is non-static. This is a result of modification of
the effective Einstein equations on the brane with local
and non-local terms representing high energy corrections
to general relativity. The non-static nature of the exte-
rior metric mainly arises because of the presence of bulk
graviton stresses, which transmit effects non-locally from
the interior to the exterior on the brane, and of the non-
vanishing of the effective pressure at the boundary sur-
face [2], which connects the interior with exterior metric
via the four dimensional matching conditions.
We derive here the same result within the induced-
gravity, the Gauss-Bonnet, and the combined Gauss-
Bonnet and induced gravity braneworld models. In all
these models, the effective Einstein equations on the
brane are modified by local and non-local terms, which
are much more complicated than the corresponding terms
in the Randall-Sundrum case, but nevertheless, the non-
staticity arises because of a mismatch of the interior with
the exterior metric on the boundary collapsing surface.
We consider for convenience and without loss of gen-
erality the extra-dimensional coordinate y such that the
brane is fixed at y = 0. The induced metric hµν on
this hypersurface is defined by hAB = gAB − nAnB,
with nA the unit vector normal to the brane (µ, ν =
0, 1, 2, 3;A,B = 0, 1, 2, 3, 5). The total action of the sys-
tem is taken to be
S =
1
2κ25
∫
d5x
√−g
{
R− 2Λ5 + α
[
R2
− 4RABRAB +RABCDRABCD
]}
+
rc
2κ25
∫
y=0
d4x
√
−h (R− 2Λ4)+
∫
y=0
d4x
√
−hLmat,(1)
where R, R are the Ricci scalars of the metrics gAB and
∗kofinas@cecs.cl
†lpapa@central.ntua.gr
hAB respectively. The Gauss-Bonnet coupling α has di-
mensions (length)2 and is defined as
α =
1
8g2s
, (2)
with gs the string energy scale, while the induced-gravity
crossover lenght scale rc is
rc =
κ25
κ24
=
M24
M35
. (3)
Here, the fundamental (M5) and the four-dimensional
(M4) Planck masses are given by
κ25 = 8piG5 = M
−3
5 , κ
2
4 = 8piG4 = M
−2
4 . (4)
The brane tension is given by
λ =
Λ4
κ24
, (5)
and is non-negative. (Note that Λ4 is not the same as
the cosmological constant on the brane.)
The collapse region has in comoving coordinates a
Robertson-Walker metric
ds2 = −dτ2 + a(τ)2(1 + kχ2/4)−2 (dχ2 + χ2dΩ22), (6)
where the scale factor a(τ) is given by the modified Fried-
mann equation of the corresponding model, while the en-
ergy density is given by the usual dust law ρ = ρ0(a0/a)
3,
with a0 standing for the epoch when the cloud started to
collapse. This Friedmann equation can also be written in
terms of the proper radius from the center of the cloud
r(τ) = a(τ)χ/(1+kχ2/4) of the collapsing boundary sur-
face at χ = χ0.
Concerning the exterior of the collapse region, the most
general static spherically symmetric metric is written in
standard coordinates as
ds2 = −F (r)2A(r)dt2 +A(r)−1dr2 + r2dΩ22 . (7)
In order a metric of the form (7) to be the exterior of the
interior metric (6), the metric and the extrinsic curvature
have to be continuous across the collapsing boundary sur-
face. Following the method appearing in [1], we first write
2the standard radial geodesic motion of the freely falling
boundary surface for the exterior metric
r˙2 = −A(r) + E˜
F (r)2
, (8)
where the dot denotes derivative with respect to proper
time τ , and E˜ is a constant. Secondly, transforming to
null coordinates (v, r), where dv = dt + dr/[F (r)A(r)],
the exterior metric (7) takes the form
ds2 = −F (r)2A(r)dv2 + 2F (r)dvdr + r2dΩ22 , (9)
while the interior metric (6) becomes
ds2 = −a
2 − (k + a˙2)r2
a2 − kr2 τ
2
,vdv
2+
2aτ,v√
a2 − kr2 dvdr+r
2dΩ22.
(10)
Comparing Eqs. (9), (10), we obtain
A = 1 + E − r˙2 , (11)
where E = −kχ20/(1 + kχ20/4)2. Then, from Eqs. (8),
(11) we obtain that F (r) is a constant, and by choosing
E˜ = 1 + E, we take F (r) = 1. Finally, the candidate
exterior metric (7) becomes
ds2 = −A(r)dt2+A(r)−1dr2+r2(dθ2+sin2 θdφ2) , (12)
where A(r) is given by Eq. (11), with r˙2 provided by the
Friedmann equation of the interior region.
A. Induced gravity
The scale factor a(τ) is given by the modified Fried-
mann equation [3, 4, 5, 6, 7, 8, 9] of induced gravity
(α→ 0) [10]
( a˙
a
)2
=
κ24
3
(ρ+ λ) +
2
r2c
− k
a2
± 1√
3 rc
[
4κ24(ρ+ λ) − 2Λ5 +
12
r2c
− 12C
a4
] 1
2
, (13)
where C is integration constant related to the mass of the
bulk black hole. We can write Eq. (13) in terms of the
proper radius r(τ) as
r˙2=
(κ24λ
3
+
2
r2c
)
r2 +
κ24m
3
1
r
+ E
± 1
rc
[
2
3
(
2κ24λ− Λ5 +
6
r2c
)
r4+
4κ24m
3
r−4q
] 1
2
, (14)
where m = ρ0a
3
0χ
3
0/(1 + kχ
2
0/4)
3, q = Cχ40/(1 + kχ20/4)4.
Thus, from Eq. (11), we obtain
A(r) = 1− κ
2
4m
3
1
r
−
(κ24λ
3
+
2
r2c
)
r2
∓ 1
rc
[
2
3
(
2κ24λ− Λ5 +
6
r2c
)
r4+
4κ24m
3
r−4q
] 1
2
. (15)
For the Randall-Sundrum model, the generic four-
dimensional effective equations were derived in [11]. For
the induced gravity model, such effective braneworld
equations were derived in [12] in the form
Gµν = κ
2
4 T
µ
ν −
(
κ24λ+
6
r2c
)
δµν +
2
rc
(
Lµν +
L
2
δµν
)
, (16)
where the quantities Lµν are given by the algebraic equa-
tion
LµλL
λ
ν −
L2
4
δµν = T µν −
( 3
r2c
+
1
2
T λλ
)
δµν , (17)
(L ≡ Lµµ) with
T µν =
(
κ24λ−
1
2
Λ5
)
δµν − κ24 T µν − Eµν . (18)
T µν is the braneworld matter content, if any, while the
electric part Eµν = CµAνBnAnB of the 5-dimensional Weyl
tensor CABCD carries the influence of non-local gravita-
tional degrees of freedom in the bulk onto the brane,
making the brane equations (16) not to be, in general,
closed [13]. Additionally, the energy-momentum tensor
was shown to satisfy the usual conservation equations
T µν ;µ = 0 , (19)
and thus, the Bianchi identities on the brane give from
Eq. (16) differential equations among Lµν :
Lµν;µ +
L; ν
2
= 0 , (20)
(semicolon means covariant differentiation with respect
to hµν).
For spherically symmetric braneworld metrics of the
form (12), the system of Eqs. (16)-(20) was fully in-
tegrated in vacuum in [14], [15], and the results are
as follows. For Eµν = 0 on the brane, the solution is
Schwarzschild-(A)dS4
A(r) = 1− γ
r
− σr2 , (21)
where γ is integration constant and σ = κ24λ/3 + 2/r
2
c −
2
√
2κ24λ− Λ5 + 6/r2c/
√
6rc. For Eµν 6= 0, there are two
classes of solutions, given in parametric form. The first
one (with constant Eµν ) is
A = 1− γ
r
− σr2
+ sg(ζ)
δ
r
[ 128
105
1F1
(15
8
,
23
8
; sg(ζ)z
)
z
+
9
8
(1
z
− sg(ζ)8
7
)
e sg(ζ) z
]
z
7
8 , (22)
r = (δ/
√
|ζ|) 13 z 18 e sg(ζ) z/3 , (23)
3where δ > 0, γ are integration constants, and σ =
κ24λ/3+2/r
2
c , ζ = 8(2κ
2
4λ−Λ5+6/r2c)/9r2c . The second
solution (with non-constant Eµν ) is
A = 1− γ
r
− σr2 (24)
± δ
r
∫
|v −
√
3|− 3(3−
√
3)
8 (v +
√
3)−
3(3+
√
3)
8
v dv
|v − 3|7/4 ,
r =
( δ√
|ζ|
) 1
3 |v −√3| (
√
3+1)/8
|v − 3|1/4 |v +√3| (
√
3−1)/8 , (25)
where δ > 0, γ are integration constants, and σ =
κ24λ/3 + 2/r
2
c , ζ = 9(2κ
2
4λ − Λ5 + 6/r2c)/r2c . [The ± sign
of Eq. (24) is independent of that in Eq. (15)]. Note that
the solutions (21)-(25) are the generic braneworld solu-
tions and have been obtained without any assumption for
the bulk space. It is now obvious that the only possible
static exterior solution (15), surrounding the collapsing
region, cannot take one of the permissible forms (21),
(22), (24) of induced-gravity theory, which means that
the no-go theorem for induced gravity has been proved.
We are going to give now another way of showing
the no-go theorem of induced gravity, without using the
above static solutions of the model. This is necessary in
the case that such exact solutions are not known, as e.g.
in the Gauss-Bonnet or in the combined Gauss-Bonnet
and induced gravity braneworld. For the induced-gravity
scenario, alternatively to Eqs. (16), generic covariant ef-
fective braneworld equations have been derived in [9] in
the form (for the vacuum case)
(
1+
λ
6
rcκ
2
5
)
Gµν = −
1
2
(
Λ5+
λ2
6
κ45
)
δµν +r
2
cpi
µ
ν −Eµν , (26)
where
piµν = −
1
4
GµλG
λ
ν +
1
12
GλλG
µ
ν +
1
8
GλρG
ρ
λδ
µ
ν −
1
24
(Gλλ)
2δµν .
It is obvious that by taking the trace of Eqs. (26), the
electric components of the Weyl tensor, which from the
braneworld viewpoint are not intrinsic quantities, disap-
pear, and the resulting equation is
RµνR
ν
µ−
1
3
R2+
4
r2c
(
1+
λ
6
rcκ
2
5
)
R− 8
r2c
(
Λ5+
λ2
6
κ45
)
= 0 .
(27)
We can now check by substituting the candidate solution
(15) into Eq. (27) that this is not satisfied, which means
that the interior solution cannot match to any static ex-
terior.
Note that, while the Friedmann equation (13) was ini-
tially derived in [3] under the assumption of a particular
bulk ansatz inducing, of course, the metric (6) on the
brane, however, the derivation of this Friedmann equa-
tion was also given in [9] in a bulk-independent way, thus,
showing the full generality of the cosmology (13).
B. Gauss-Bonnet term
The cosmology of the braneworld Gauss-Bonnet model
(rc → 0) is given by the Friedmann equation [16, 17]
( a˙
a
)2
= − k
a2
+
1
8α
(
−2 + 64I
2
J
+ J
)
, (28)
where the dimensionless quantities I, J are given by
I =
1
8
[
1 +
4
3
αΛ5 +
8αC
a4
]1/2
, (29)
J =
[
κ25
√
α√
2
(ρ+ λ)+
√
κ45α
2
(ρ+ λ)2+(8I)3
]2/3
.(30)
Similarly to the induced gravity case, we obtain
A(r) = 1 +
r2
8α
[
2− 64I(r)
2
J(r)
− J(r)
]
, (31)
where
I(r) =
1
8
[
1 +
4
3
αΛ5 +
8αq
r4
]1/2
, (32)
J(r)=
[
κ25
√
α√
2
(m
r3
+λ
)
+
√
κ45α
2
(m
r3
+λ
)2
+(8I(r))3
]2
3
.(33)
The generic effective braneworld equations for the
Gauss-Bonnet model have been derived in [18] in the form
3
2
(Mµν + Eµν)− 1
4
Mhµν + α[H
(1)
µν +H
(2)
µν +H
(3)
µν ]
+
α(10Λ5 − αI)
2(3 + αM)
(
Mµν − 1
4
Mhµν
)
=
Λ5
4
hµν , (34)
where
H(1)µν =2MµαβγM
αβγ
ν −6MρσMµρνσ+4MMµν−8MµρM ρν
−1
8
hµν(7M
2−24MαβMαβ+3MαβγδMαβγδ) , (35)
H(2)µν = −6(MµρEρν +MνρEρµ +MµρνσEρσ)
+
9
2
hµνMρσEρσ + 3MEµν , (36)
H(3)µν =−4NµNν+4Nρ(Nρµν+Nρνµ)+2NρσµNρσν
+4NµρσN
ρσ
ν +3hµν
(
NαN
α− 1
2
NαβγN
αβγ
)
,(37)
I =M2 − 8MαβMαβ +MαβγδMαβγδ − 8NρNρ
+4NρσκN
ρσκ − 12MρσEρσ . (38)
4These equations contain the quantities Mαβγδ, Nµνρ,
which are expressed in terms of the induced metric hµν
and the extrinsic curvature Kµν as follows
Mαβγδ = Rαβγδ −KαγKβδ +KαδKβγ (39)
Mαβ = h
γδMαγβδ , M = h
αβMαβ (40)
Nµνρ = Kνρ;µ −Kµρ; ν , Nµ = hρσNρµσ , (41)
where Kµν satisfies the matching conditions [19] (for the
vacuum case)
Kµν +
2α
3
[9Jµν − 2Jδµν − 2(3Pµρνσ + δµνGρσ)Kσρ ]
= −κ
2
5λ
6
δµν , (42)
with
3Jµν = 2KK
µ
ρK
ρ
ν +K
ρ
σK
σ
ρK
µ
ν − 2KµρKρσKσν −K2Kµν
Pµρνσ = R
µρ
νσ + 2δ
µ
[σR
ρ
ν] + 2δ
ρ
[νR
µ
σ] +Rδ
µ
[νδ
ρ
σ] ,
(J = Jµµ). It is remarkable that despite the complexity
of the above equations, by taking the trace of Eq. (34)
the quantities Eµν disappear (as well as the quantities
Nµνρ containing covariant derivatives of Kµν with re-
spect to hµν), and the resulting equation is purely four-
dimensional
M + α(M2 − 4MαβMαβ +MαβγδMαβγδ) = 2Λ5 . (43)
After solving the cubic system (42) for Kµν , one has
Eq. (43) constructed solely out of the induced metric hµν .
In order to do so, it is convenient to write the metric
(12) in a form where its angular part appears as a two-
dimensional conformally Euclidean space
ds2=−A(r)dt2 + dr
2
A(r)
+ r2 f(x1, x2) (dx
2
1+dx
2
2) , (44)
where f(x1, x2) = [1 + (x
2
1 + x
2
2)/4]
−2, and x1 =
2 tan(θ/2) sinφ, x2 = 2 tan(θ/2) cosφ. Due to the sym-
metry of the metric (44), the components of Kµν in the
coordinates (t, r, x1, x2) take the form
Kµν = diag(K1,K2,K3,K3) . (45)
Subtracting, now, the tt-equation from the rr-equation
of the system (42), we obtain the separable equation
[4αr2K23 + 4α(A− 1)− r2] (K2 −K1) = 0 , (46)
with solutions
K3 = ± 1√
8α
[64I(r)2
J(r)
+ J(r)
]1/2
, (47)
or
K2 = K1 . (48)
For the solution (47), plugging back into the system (42),
we obtain a system of two equations for K1,K2, from
where the following equation arises
2αA′ − r ∓√ακ25λr2/2
√
r2 + 4α(1−A) = 0 , (49)
(prime means differentiation with respect to r). This
equation is easily seen to be inconsistent with A(r) given
by Eq. (31). For the solution (48), plugging back into
the system (42), the situation is more complicated, and
a polynomial equation of fifth degree on K1 arises:
K3 =
4(1− 2αr−1A′)K1 + κ25λ
8αK21 + 2(2αA
′′ − 1) , (50)
a5K
5
1 + a4K
4
1 + a3K
3
1 + a2K
2
1 + a1K1 + a0 = 0,(51)
where
a5 = 2α[r
2 + 4α(1 −A)] , a4 = ακ25λr2
a3 = (2αA
′′ − 1)[r2 + 4α(1−A)]
a2 = κ
2
5λr[αA
′ + r(αA′′ − 1)]
2a1 = 1− (2αA′′ − 1)[4rA′ +A(2αA′′ − 1)− 4αA′2]
+A′′[r2 − 4α+ α(r2 + 4α)A′′]−(3 + ακ45λ2)r2/4α
a0 = κ
2
5λr(2αA
′′ − 1)(2αrA′′ + r − 4αA′)/16α. (52)
Supposed that equation (43) is valid, for the metric
(44), and after substituting the values of K2,K3 from
Eqs. (48), (50), it becomes a polynomial equation of sixth
degree on K1
b6K
6
1 + b4K
4
1 + b3K
3
1 + b2K
2
1 + b0 = 0, (53)
where
b6 = 32α
2[r2 + 4α(1− A)]
b4 = 16α[(2αΛ5 − 3)r2 − 6α− 12αA′(αA′ − r)
+3α(r2 + 4α)A′′ − 6αA(2αA′′ − 1)]
b3 = 32ακ
2
5λr(2αA
′ − r)
b2
2
= 12α−(3+3ακ45λ2+8αΛ5)r2−12αA(2αA′′ − 1)2
+4α2A′′[4(Λ5r2 − 3) + 3(r2 + 4α)A′′]
b0=(2αA
′′−1){2α(r2+4α)A′′2−A′′[8α+(1−4αΛ5)r2]
−2(2αA′′−1)[A(2αA′′−1)+2A′(αA′−r)]
+2−(2Λ5 + κ45λ2/2)r2}. (54)
Equations (51), (53) have to be satisfied simultaneously.
After some algebraic manipulations, this system of equa-
tions is written equivalently as the following system
F2K
2
1 + F1K1 + 1 = 0 , (55)
K1 =
C2 − (C1 − F1)F1 − F2
(C1 − F1)F2 − C3 , (56)
5where
(C1, C2, C3)=
(
B2(B1−p1)+p3−B3, B3(B1−p1)+p4−B4,
B4(B1−p1) + p5
)
/(B1(B1−p1)+p2−B2),
(F1 , F2)=
(
(C1C2−C3)(B1−p1)−C2(B2−p2)+B4−p4,
C1C3(B1−p1)−C3(B2−p2)−p5
)
/(
(C21−C2)(B1−p1)−C1(B2−p2)+B3−p3
)
,
(B1 , B2 , B3 , B4)=(p1p2−p3+q3 , p1p3−p4+q4 ,
p1p4−p5 , p1p5+q6)/(p21−p2+q2),
and the various pi, qi are related to ai, bi as
pi = ai/a0 , qi = bi/b0 . (57)
It is now straightforward to check that the value K1 of
Eq. (56) does not satisfy Eq. (55), which means that the
no-go theorem of the Gauss-Bonnet braneworld has been
proved.
C. Gauss-Bonnet and Induced gravity
The cosmology of the combined Gauss-Bonnet and
induced gravity braneworld is given by the Friedmann
equation [20]( a˙
a
)2
= − k
a2
+
4− 3β
12βα
− 2
3βα
√
P 2 − 6Q cos
(
Θ± pi
3
)
, (58)
where the dimensionless quantities β, P,Q,Θ are given
by
β =
256α
9r2c
, (59)
P = 1 + 3βI , (60)
Q = β
[
1
4
+ I +
κ24α
3
(ρ+ λ)
]
, (61)
Θ(P,Q) =
1
3
arccos
[
2P 3 + 27Q2 − 18PQ
2(P 2 − 6Q)3/2
]
. (62)
The ± sign in Eq. (58) is the same as that in Eq. (13).
The region in (P,Q)-space for which Eq. (58) is defined,
is
1 ≤ P < 4
3
, (63)
2[ 9P − 8− (4 − 3P )3/2 ] ≤ 27Q
≤ 3P [ 3−
√
3(3− 2P ) ] . (64)
From the above equations, we can write the candidate
black hole metric as
A(r) = 1− 4− 3β
12βα
r2
+
2r2
3βα
√
P (r)2 − 6Q(r) cos
(
Θ(r) ± pi
3
)
, (65)
where
P (r) = 1 + 3βI(r) , (66)
Q(r) = β
[
1
4
+ I(r) +
κ24α
3
(m
r3
+ λ
)]
, (67)
Θ(r) =
1
3
arccos
[
2P (r)3 + 27Q(r)2 − 18P (r)Q(r)
2(P (r)2 − 6Q(r))3/2
]
.(68)
Similarly to the induced gravity case, in the pure Gauss-
Bonnet model, the Friedmann equation (28) was ob-
tained in [18] in a bulk-independent way, showing,
thus, that this is the most general Robertson-Walker
braneworld cosmology of the model. For the combined
Gauss-Bonnet and induced gravity braneworld scenario,
its Friedmann equation (58) has not been derived yet in
a bulk-independent way, but we have no reason to expect
any discrepancy in this case too.
In the present case, Eqs. (34)-(41) – as well as Eq. (43)
– of the pure Gauss-Bonnet case remain unchanged, since
they are described by bulk information, while the match-
ing condition (42) is now modified by setting its right
hand side equal to
−κ
2
5
6
[
λδµν −
3rc
κ25
(
Rµν −
R
6
δµν
)]
. (69)
Following the same steps as before, we find the same
separable equation (46), with solutions now
K3=± 1√
3βα
[
1−2
√
P (r)2−6Q(r) cos
(
Θ(r)± pi
3
)] 1
2
,(70)
or
K2 = K1 . (71)
Solution (70) leads to the equation
2αA′−r∓√α[κ25λr2−rc(1−A−rA′)]/2
√
r2+4α(1−A)
= 0 , (72)
which is inconsistent with Eq. (65). Solution (71) leads
to two equations of fifth and sixth degree on K1 of the
form (51) and (53) respectively, with the corresponding
coefficients defined now as follows (denoted with primes)
a′5 = a5 , a
′
4 = a4 − αrc(1−A− rA′) , a′3 = a3
a′2 = a2 + rc[1 + 2αA
′2 +A(2αA′′ − 1) + rA′(3αA′′ − 2)
−A′′(2α+ r2/2)]/2
a′1 = a1 − rc(2A′ + rA′′)[4κ25λr + rc(2A′ + rA′′)]/32
a′0 = a0
b′6 = b6 , b
′
4 = b4
b′3 = b3 − 16αrc(r − 2αA′)(2A′ + rA′′)
b′2 = b2 − 3αrc(2A′ + rA′′)[4κ25λr + rc(2A′ + rA′′)]/2
b′0 = b0. (73)
Equations (55)-(57) remain the same for the above
primed quantities a′i, b
′
i, and thus, their incompatibility
6can be easily checked, proving the no-go theorem of the
combined Gauss-Bonnet and induced gravity braneworld.
Our analysis of all the above considered models is
based on 4-dimensional solutions or 4-dimensional ef-
fective braneworld equations, and we have not studied
the bulk extension of the considered braneworld regions
(static exterior and Robertson-Walker interior). We
know however, that for a given continuous boundary met-
ric and extrinsic curvature, the propagation of the field
equations in five dimensions is a well defined initial value
problem, solvable in principle.
In conclusion, we have studied the Oppenheimer-
Snyder-like collapse on braneworld models with curva-
ture corrections. In all cases considered, using the four-
dimensional effective equations, and without making as-
sumptions about the bulk, we have found that the ex-
terior vacuum spacetime on the brane is non-static. We
have not found the exterior metric, thus, we are not in
position to know if the gravitational collapse on the brane
leaves at late times a signature in the exterior, or if, on
the contrary, the non-static exterior is transient, tending
to a static geometry.
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